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Abstract
The anharmonic interaction and scattering of phonons by a moving dislocation, the pho-
ton wind, imparts a drag force v B(v, T, ρ) on the dislocation. In early studies the drag
coefficient B was computed and experimentally determined only for dislocation velocities v
much less than transverse sound speed, c
T
. In this paper we derive analytic expressions for
the velocity dependence of B up to c
T
in terms of the third-order continuum elastic con-
stants of an isotropic crystal, in the continuum Debye approximation, valid for dislocation
velocities approaching the sound speed. In so doing we point out that the most general form
of the third order elastic potential for such a crystal and the dislocation-phonon interac-
tion requires two additional elastic constants involving asymmetric local rotational strains,
which have been neglected previously. We compute the velocity dependence of the trans-
verse phonon wind contribution to B in the range 1%–90% c
T
for Al, Cu, Fe, and Nb in
the isotropic Debye approximation. The drag coefficient for transverse phonons scattering
from screw dislocations is finite as v → c
T
, whereas B is divergent for transverse phonons
scattering from edge dislocations in the same limit. This divergence indicates the breakdown
of the Debye approximation and sensitivity of the drag coefficient at very high velocities
to the microscopic crystalline lattice cutoff. We compare our results to experimental results
wherever possible and identify ways to validate and further improve the theory of dislocation
drag at high velocities with realistic phonon dispersion relations, inclusion of lattice cutoff
effects, MD simulation data, and more accurate experimental measurements.ar
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1 Introduction and Outline
Dislocations are linear defects in the regular ordered structure of a crystalline lattice. Disloca-
tions can move through the crystal that is subjected to an applied stress field at a speed that is
controlled by two mechanisms. At low to intermediate plastic strain rates (≤ 105 s−1) dislocation
mobility is limited by their interactions with immobile (forest) dislocations that result in the
formation of dislocation-dislocation nodes and short junctions. At finite temperature, the com-
bination of the applied stress and local stress fluctuations arising from atomic oscillations result
in dissociation of the nodes, and the dislocations may more easily glide. The rate-controlling
intersection of non-coplanar, attractive mobile and immobile dislocations has traditionally been
described by Van’t Hoff-Arrhenius thermal activation theory, but this approach breaks down
at high strain rates. The theory was recently generalized to strain rates of nearly 1012 s−1 [1].
At high strain rates (≥ 105 s−1), in addition to dislocation-dislocation interactions, the second
mechanism of viscous drag due to interactions with phonons, i.e. the ‘phonon wind,’ comes into
play. The drag force per unit length of dislocation is v B(v, T, ρ) where B is the dislocation drag
coefficient, v is the dislocation velocity, T is the temperature, and ρ is the material density. It
is this second effect of dislocation drag, applicable to the high strain rate regime, that we study
in the present paper.
Both the drag coefficient and the mean velocity of dislocations through the lattice increase
with increasing applied stress, and the dislocation velocity may even approach transverse sound
speed in the crystal. The accurate evaluation of the drag coefficient at high strain rates is essential
for models of single-crystal bulk plasticity, polycrystal plasticity, and ductile failure applicable
at high stresses and strain rates. In this high-stress regime, where mean dislocation speeds vary
from a few percent of transverse sound speed, cT , up to nearly cT , the dominant contribution to
the dislocation drag coefficient is the scattering of phonons by the moving dislocations; in the rest
frame of a moving dislocation the phonons moving past the dislocation act as a ‘phonon wind’
opposing its glide through the crystal. Other dissipative effects, which we do not touch upon in
this paper as they are subleading in the regimes of interest, are the thermoelastic damping and
the radiation damping mechanisms, discussed for example in Ref. [2].
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At low velocities, i.e. velocities less than a few percent of transverse sound speed, the drag
coefficient due to phonon wind is roughly constant1, but at higher velocities the drag coeffi-
cient increases nonlinearly. We note that existing continuum scale models of dislocation drag
assume that the dislocation velocity is much smaller than cT . To our knowledge there is cur-
rently no theoretical framework available in the literature for the accurate calculation of the
velocity dependence2 of the dislocation drag coefficient up to cT . The main focus of this paper
is the development of such a framework based on previous work of Alshits and collaborators [8],
who derived the small velocity limit to lowest order (with “small” referring to a few percent
cT ). Thus, earlier first-principles continuum models of dislocation drag due to phonon wind are
extended from low velocities to nearly cT . The same framework also provides the temperature
dependence of the drag coefficient up to velocities in the neighborhood of cT , and is flexible
enough to incorporate more realistic dispersion curves, as well as more accurate experimental
or numerical molecular dynamics (MD) data on third-order elastic constants. Moreover, since
Bose-Einstein statistics is used for the phonon distribution functions, quantum effects are auto-
matically incorporated.
The present calculation of dislocation drag due to phonon scattering assumes a uniformly
moving straight (linear) dislocation with a static core. However, there are additional drag mech-
anisms arising from the excitation of the internal degrees of freedom of a moving dislocation.
The alternating stress fields associated with the phonons induce oscillations in the shape of the
dislocation around linearity and fluctuations around uniform motion. This is the well-known
flutter effect which gives rise to the emission of elastic waves by the dislocations. It has been
argued by Lothe that the elastic wave emission results in a drag on the dislocations proportional
to the velocity [9, 10]. In addition to the flutter effect, the lattice periodicity induces fluctuations
in the core structure and dislocation velocity that also give rise to the generation of elastic waves
and drag on the dislocations. In order to determine the importance of both effects relative to
phonon wind, one needs to study them in the more general quantum field theoretical framework
of Alshits et al. [8]. This, however, is beyond the scope of the current work where we discuss
only phonon wind.
In this paper, which is largely based on the unpublished internal report Ref. [11], we restrict
our study of the phonon wind contribution to the drag coefficient to velocities comparable
to but strictly less than cT , and dislocation-dislocation interactions are neglected. The case of
supersonic dislocations is interesting in its own right, not least because of recent MD simulations
in fcc metals that indicate the existence of dislocations moving at supersonic speeds; see [12–16]
and references therein. Furthermore, supersonic dislocations have been observed experimentally
in plasma crystals [17]. The extension of the theory to include dislocations moving at supersonic
speeds, and dislocation-dislocation interactions, will be left for future work. Crystal anisotropy
may have interesting effects on dislocation drag as well; see the recent numerical studies of Refs.
[18–20]. However, in focusing on the analytic behavior of dislocation drag up to cT , we presently
require the simplifications of the isotropic limit. In fact, many dislocation-based material strength
models for polycrystals [1, 4, 5, 7] make use of the isotropic approximation and as such would
benefit from a first-principles derivation of dislocation drag as a function of velocity in the
isotropic limit.
1 We note that drag is initially dominated by thermal effects at very low dislocation velocities, and that phonon
wind becomes important only at velocities of the order of 1% transverse sound speed and higher.
2 Many authors estimate the velocity dependence of the drag coefficient by means of “relativistic” factors
∝ 1/(1−v2/c2)m with different exponents m and a limiting (sound) speed c based on purely empirical arguments
which lack a first-principles theoretical framework, see [3–7] and references therein.
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Finally, in the course of our derivation we also point out that the most general form of the
third-order elastic potential for dislocation-phonon interaction in a crystal in the isotropic limit
requires two additional elastic constants involving asymmetric local rotational strains, which
have been neglected previously based on arguments that only apply to a perfect crystal without
dislocations.
The outline of the paper is as follows. In order to provide a self-contained presentation, in
Section 2 we expand the crystal potential in terms of displacements from the perfect lattice [21]
to obtain the crystal Hamiltonian. We then consider a number of approximations and simplifica-
tions, such as the restriction to monatomic lattices, and the assumption of material isotropy. We
employ the Debye approximation for the phonon spectrum. These simplifying approximations
enable a semi-analytic approach in which experimentally determined second- and third-order
elastic constants are used rather than numerical data from classical or quantum MD simula-
tions. In Section 3 we discuss the displacement fields of edge and screw dislocations following
Eshelby [22] and [23], and references therein. Section 4 is devoted to the phonon wind contri-
bution to the drag coefficient in the continuum approximation. With the Debye approximation
for the phonon spectrum, most of the computation of the drag coefficient can be performed
analytically, leaving only a three-dimensional integral that is evaluated numerically. In Section 5
we present and discuss our results for a number of metals and compare to experimental values
and MD simulations.
2 Isotropic Solids
In this section we provide a short review of the elements of continuum elasticity theory pertinent
to the calculation of the drag coefficient, and establish the notation to be used in the subsequent
sections.
2.1 Continuum Hamiltonian and Elastic Constants
The underlying Hamiltonian of a crystalline lattice may be expressed in the form
H = 12
∑
A
M (A)r˙(A) 2 + Φ{r(A)} (2.1)
where M (A) is the mass of the atom at lattice site A, {r(A)} is the set of all atomic position
vectors, and Φ{r(A)} is the crystal potential energy function. Allow the atoms to be displaced
u(A) ≡ r(A) −R(A) (2.2)
with Cartesian components u(A)i about the set of equilibrium lattice positions {R(A)}, and
expand the potential energy function Φ{r(A)} in a Taylor series in these displacements. Taking
then the continuum limit, a standard computation leads to the continuum potential energy [21]
Φ{r} = Φ{R}+ V2
∑
ijkl
Cijkl ui,j uk,l +
V
6
∑
ijklmn
Dijklmn ui,j uk,l um,n + . . . (2.3)
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where Φ{R} is the potential when all ions are at their equilibrium positions, and the elastic
constants are defined by
Cijkl ≡ 1
V
∑
AB
Φ(AB)ik R
(A)
j R
(B)
l (2.4a)
Dijklmn ≡ 1
V
∑
ABC
Φ(ABC)ikm R
(A)
j R
(B)
l R
(C)
n (2.4b)
in which
Φ(A)i =
∂Φ
∂r
(A)
i
∣∣∣∣
{r}={R}
= 0 (2.5a)
Φ(AB)ik =
∂2Φ
∂r
(A)
i ∂r
(B)
k
∣∣∣∣
{r}={R}
(2.5b)
Φ(ABC)ikm =
∂3Φ
∂r
(A)
i ∂r
(B)
k ∂r
(C)
m
∣∣∣∣
{r}={R}
(2.5c)
and the first derivative terms (2.5a) vanish by the assumption of expansion about the equilibrium
positions. In arriving at (2.4) use has been made of the invariance of the entire crystal under
spatial translations, so that the expansion (2.3) can depend only upon the displacement gradients
ui,j ≡ ∂ui
∂xj
(2.6)
rather than the displacement (2.2) itself, and the continuum limit is taken by the replacement
of the discrete lattice displacements u(A)i = ui(R(A)) by the continuous function of position
ui(x) to be integrated over. Since summing over all lattice sites in (2.4) results in an extensive
quantity, proportional to the total number of lattice sites and hence to the total volume V of
the crystal, the factor of the total volume V is extracted explicitly from definitions of the elastic
constants (2.4) to yield intensive quantities independent of the total volume.
Substituting (2.4) into (2.1), and setting to zero the potential energy function at its equilib-
rium value Φ{R} = 0, we may pass to the continuum limit to arrive at the elastic Hamiltonian
H =
∫
d3x
{
1
2 ρ
∑
i
u˙2i +
1
2
∑
ijkl
Cijkl ui,j uk,l +
1
6
∑
ijklmn
Dijklmn ui,j uk,l um,n
}
+ . . . (2.7)
where
ρ = 1
V
∑
A
M (A) (2.8)
is the average continuum mass density of the solid in equilibrium. Clearly the expansion in
gradients leading to this continuum elastic Hamiltonian (2.7) is valid if and only if all the
dimensionless gradients are small
|ui,j |  1 (2.9)
and the spatial length scale of these gradients are very much greater than the lattice spacing
scale of the underlying crystalline lattice [21, 24, 25]. These two restrictions should be kept in
mind when considering the applicability of continuum elasticity theory to dislocations and the
drag coefficient due to interaction with phonons.
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Variation of the continuum Hamiltonian (2.7) with respect to ui(x) yields the equation of
motion for the continuous displacement field
ρ
∂2ui
∂t2
=
∑
jkl
Cijkl
∂2uk
∂xj∂xl
+
∑
jklmn
Dijklmn
∂
∂xj
(
∂uk
∂xl
∂um
∂xn
)
+ . . . (2.10)
with the harmonic approximation of elastic displacements and phonons obtained by neglect of
all terms beyond the linear ones in (2.10). The next-order anharmonic terms involving Dijklmn
act as a small perturbation to the linear approximation, and will describe the interaction of the
phonons with the moving dislocation field.
We shall also find it useful to introduce the notations
u(i,j) ≡ 12(ui,j + uj,i) ≡ ij (2.11a)
u[i,j] ≡ 12(ui,j − uj,i) ≡ ωij (2.11b)
for the symmetric and antisymmetric parts respectively of the displacement gradient (2.6). Al-
though in most treatments of continuum elasticity the invariance of the solid to global rotations
is used to eliminate all dependence upon the antisymmetric ωij , and indeed for the stress-strain
relations of a perfect crystal only the symmetrized gradients ij can appear, both small deforma-
tions of the crystal lattice, as well as the relatively larger dislocation defects, generally contain
local regions with both symmetric and antisymmetric gradients, with non-zero rotation and tor-
sional twistings of the solid, which should be taken into account. Since we are interested in this
work on the interaction of defects with phonons, both of which may have antisymmetric strain
fields, we retain ωij . As we shall see, this generalization leads to new anharmonic interaction
terms in (2.30) below that apparently have not been considered previously in the literature.
2.2 Second-Order Elastic Constants and Phonons
Although bulk continuum quantities, the elastic tensors Cijkl and Dijklmn still depend upon
the underlying discrete symmetry group of the crystal, with many independent components
[26]. A reasonable first approximation to the dislocation dynamics is obtained by averaging over
all directions and assuming that the undeformed crystal can be treated as homogeneous and
isotropic. In that case the number of independent components that can appear in Cijkl and
Dijklmn is greatly reduced. These independent components can be determined by consideration
of the rotationally invariant scalars that can be constructed from the displacement gradients
[21, 24].
At second order in gradients of u there are only two possible scalars that can be constructed,
namely
(∇ · u)2 = (ui,i)2 and (∇× u)2 = 2ωij ωij = (ui,j)2 − ui,juj,i (2.12)
involving only the symmetric and anti-symmetric parts of the displacement gradient respectively.
Thus the potential term in the continuum Hamiltonian (2.7) may be expressed as the sum of
two terms [24]
Φ2 =
1
2 (λ+ 2µ)
∫
d3x (∇ · u)2 + 12 µ
∫
d3x (∇× u)2 (2.13)
at second order in the displacement gradients ui,j . Up to an integration by parts and surface
contribution which we neglect, this corresponds to reducing the second order elastic tensor Cijkl
to the sum of just two terms
Cijkl = λ δijδkl + µ (δikδjl + δilδjk) (2.14)
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governed by the two elastic constants (Lamé constants) with µ the shear modulus. Both λ and µ
must be positive to insure stability. Substituting in (2.10), this leads to the linearized continuum
eqs. of motion [24, 27]
ρ
∂2u
∂t2
= µ∇2u + (λ+ µ)∇(∇ · u ) (2.15)
for the displacement vector field u(x, t), where for the moment we neglect the higher order
anharmonic terms.
The antisymmetric strain ωij appears naturally through the curl ∇ × u, expressing a non-
zero local rotational distortion of the solid. Recalling that any vector u can be separated into
its transverse (T) and longitudinal (L) parts by
ui = u(T)i + u
(L)
i =
(
ui − ∂i 1∇2∂juj
)
+ ∂i
1
∇2∂juj (2.16)
the first with vanishing divergence, ∇·u(T) = 0 and the second with vanishing curl ∇×u(L) = 0,
we see from the definitions (2.11) that the transverse (T) displacement vector can be expressed
in terms of the anti-symmetrized strain ωij (or vice versa) by
u
(T)
i =
2
∇2 ∂jωji , ωij =
1
2εijk (∇× u
(T))k =
1
2εijk(∇× u)k (2.17)
while the longitudinal (L) displacement vector can be expressed in terms of the symmetrized
strain ij (or vice versa) by
u
(L)
i = ∂i
1
∇2 jj , ii = ∂iu
(L)
i = ∇ · u (2.18)
where we adopt the usual convention that repeated indices are to be summed, and (∇2)−1
denotes the Green’s function inverse of the Laplacian.
The transverse and longitudinal components of u are linearly independent, and the linearized
continuum eq. (2.15) separates into two independent linear equations
ρ
∂2u(T)
∂t2
= µ∇2u(T) (2.19a)
ρ
∂2u(L)
∂t2
= (λ+ 2µ)∇(∇ · u(L) ) (2.19b)
for the transverse and longitudinal displacements respectively. Each of these equations has the
form of a wave equation, which because of the relations (2.17) and (2.18) may be regarded
as describing the propagation of anti-symmetric and symmetric strain fields through the solid
medium, but with a different speed of propagation, depending upon whether the displacement
is transverse or longitudinal (i.e. perpendicular or parallel) to its direction of propagation.
The transverse and longitudinal wave solutions of (2.15) are easily found in Fourier space.
The two transverse modes are
u(T)(x, t|k, s) = e(k, s) eik·x−iωT t , k · e(k, s) = 0 , s = 1, 2 (2.20)
with dispersion relation and sound speed
ωT (k) = cT k , cT =
√
µ
ρ
, (2.21)
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where k ≡ |k| and s = 1, 2 labels the two unit polarization vectors perpendicular to the direction
of propagation kˆ. The single longitudinal mode
u(L)(x, t|k) = e(k, 3) eik·x−iωL t , k× e(k, 3) = 0 (2.22)
with displacements in the direction of propagation, has dispersion relation and sound speed
ωL(k) = cLk , cL =
√
λ+ 2µ
ρ
> cT (2.23)
where to simplify our subsequent algebra, we have employed the notation in which the polar-
ization indices s, s′ = 1, 2 label the two transverse sound modes, and s, s′ = 3 labels the single
longitudinal mode. Thus the polarization vectors may be chosen to satisfy
e(k, s) · e(k, s′) = δss′ and
∑
s=1,2,3
ei(k, s) ej(k, s) = δij (2.24)
and form an orthonormal basis set.
Upon quantization [25], the small elastic displacement fields in the continuum limit may be
represented in terms of three independent phonon modes by
u(x, t)
∣∣∣
phonon
=
√
~
ρ
∑
s
∫
d3k
(2pi)3
1√
2ωs(k)
{
aˆs(k)eik·x−iωst + aˆ†s(k)e−ik·x+iωst
}
e(k, s) (2.25)
where the phonon creation and destruction operators are quantized with the continuum normal-
ization
[aˆs(k), aˆ†s′(k
′)] = (2pi)3 δ3(k− k′) δss′ (2.26)
in the infinite volume limit. At linear order of continuum elastic theory in the isotropic crystal
approximation we are using, the three phonon modes all have gapless linear dispersion relations
ωT (k) = cT k, ωL(k) = cLk, characteristic of the Debye approximation.
2.3 General Third-Order Continuum Elastic Constants for an Isotropic Solid
In the bulk of the existing literature, the continuum elastic potential has been taken to be
dependent upon only the symmetrized strain field ij . This is possible up to quadratic order
term Φ2 because the volume integral of the second (curl) term in (2.13) is
µ
2
∫
d3x (∇× u)2 = µ
∫
d3xωijωij =
µ
2
∫
d3x (ui,jui,j − ui,juj,i) = µ2
∫
d3x
(
u2i,j − ui,iuj,j
)
= µ
∫
d3x
[
ijij − (ii)2
]
(2.27)
after freely integrating by parts and dropping surface terms. Thus the contribution of the anti-
symmetric strain field contribution ωij proportional to ∇× u may be expressed in terms of the
symmetrized strain field at quadratic order for an isotropic solid. This is consistent with the
literature, e.g. Ref. [28, 29], in which the two terms in the elastic energy for an isotropic solid
at second order in the strain field are written
Φ2 =
∫
d3x
{(λ+ 2µ)
2 I
2
1 − 2µI2
}
(2.28)
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in terms of the fundamental invariants
I1 ≡ Tr() = ii , and I2 ≡ Tr(co[]) = −12
[
ijij − (ii)2
]
(2.29)
composed only of the symmetric strain field matrix ij . Here co[] denotes the cofactor matrix
of ij , with matrix elements (co[])ij = εiklεjmnkmln/2.
After the integration by parts needed to establish (2.27), (2.28) with (2.29) therefore coincides
with (2.13). However, the fundamental degrees of freedom reside in the displacement vector field
u, and both its decomposition (2.16) and its equation of motion (2.15) show that transverse
modes with non-zero asymmetric rotational strains propagate. Moreover, these anti-symmetric
strains cannot be eliminated from the third order terms by integrations by parts analogous to
(2.27), and lead to novel interactions between phonons and dislocations, as we show next.
If we allow for the invariant contractions of the anti-symmetric strain field ωij to appear in
(2.7) we obtain the general third-order elastic potential
Φ3 =
∫
d3x
{
a (ii)3+ b iijkjk + c ijjkki + g iiωjkωjk + h ij(εiklωkl)(εjmnωmn)
}
=
∫
d3x
{
a (ui,i)3 +
(
b
2 +
g
2 + h
)
ui,i uj,k uj,k +
(
b
2 −
g
2 − h
)
ui,i uj,k uk,j
+
(
c
4 + h
)
ui,j uj,k uk,i +
(
3c
4 − h
)
ui,j ui,k uj,k
}
(2.30)
where the a, b, c coefficients multiply terms which are totally symmetric, while the g, h coefficients
multiply terms with one symmetric (S), and two antisymmetric (A) gradients, which we denote
as mixed SAA terms. Terms with an odd number of ωij vanish identically. The general third-
order potential for an isotropic solid corresponds to the third-order elastic tensor
Dijklmn = 6a δijδklδmn + (b+ g + 2h)
(
δijδkmδln + δimδjnδkl + δikδjlδmn
)
+ (b− g − 2h)
(
δijδknδlm + δinδjmδkl + δilδjkδmn
)
+ 3
( c
4 + h
) (
δilδjmδkn + δinδjkδlm
)
+
(
3c
4 − h
) [
δik (δjmδln + δjnδlm) + δim (δjlδkn + δjkδln) + δkm (δinδjl + δilδjn)
]
(2.31)
which as defined in (2.7) is symmetric under interchange of any of the three pairs of indices
(i, j), (k, l), (m,n). Note that at this third order the g and h terms involving the anti-symmetrized
strains ωij cannot be eliminated or expressed in terms of the symmetrized strains by integration
by parts as in (2.27). All five coefficients of the third-order terms in (2.30)-(2.31) are independent
of each other, and in general all five coefficients take on non-zero values for perturbations from
equilibrium, either by phonons or dislocations. Indeed, (2.31) generalizes earlier results:
It appears that the independence of the third-order mixed elastic constants g, h from the
a, b, c and λ, µ elastic constants has not been fully taken into account in the literature due to the
fact that only the symmetrized strain field ij has been considered relevant, and the independent
(g, h) SAA terms in the third-order elastic energy (2.30) have been neglected, perhaps in part
because they are difficult to measure independently. For example, Murnaghan defines the three
constants (l, m, n) by the third-order elastic energy [28, 29]
Φ˜3 =
∫
d2x
{(l + 2m)
3 I
3
1 − 2m I1I2 + n I3
}
(2.32)
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for an isotropic solid, in terms of the invariants I1, I2 defined in (2.29), and
I3 ≡ det() = 16 (ii)
3 − 12 ii jk jk +
1
3 ij jk ki (2.33)
composed of the symmetric strain matrix ij only. Likewise Refs. [24] and [30] give the same
general expression (2.31) for the isotropic third-order elastic tensor as Ref. [28, 29], which is
equivalent to
D˜ijklmn = Dijklmn(a, b, c→ a˜, b˜, c˜)
∣∣∣
g=h=0
(2.34)
with the SAA g, h terms set to zero, in terms of three constants (A,B,C) or (ν1, ν2, ν3) respec-
tively, which are related to (a˜, b˜, c˜) and Murnaghan’s constants (l,m, n) in (2.32) by [31]
a˜ = ν16 =
C
3 =
1
3 (l−m) +
n
6 b˜ = ν2 = B = m−
n
2 c˜ =
4
3 ν3 =
A
3 =
n
4 (2.35)
with g = h = 0, as in (2.34).
On the other hand it has also been common practice to expand the crystal potential in the
non-linear strain field (known as the Murnaghan strain [28, 29] or Green-Saint-Venant strain
tensor [32])
ηij ≡ 12
(
∂ui
∂xj
+ ∂uj
∂xi
+ ∂uk
∂xi
∂uk
∂xj
)
= ij +
1
2uk,i uk,j (2.36)
which is fully symmetric in indices i, j, but also contains a non-linear term quadratic in the
strains. Then if the two independent SAA constants, g and h, are set to zero in Φ3, but the total
potential is taken to be
1
2 C˜ijklηijηkl +
1
6D˜ijklmnηijηklηmn (2.37)
in terms of ηij , the second-order tensor
C˜ijkl = Cijkl (2.38)
is identical to (2.14) for an isotropic crystal, but the elastic energy to third order in the linearized
strains ui,j receives contributions from the second-order Lamé coefficients λ and µ due to the
non-linear quadratic term in (2.36). Taking the total potential to be (2.37), and expanding
consistently up to third order in the strains ui,j , is equivalent to the effective third-order elastic
tensor [21, 33]
Dijklmn
∣∣∣
eff
= D˜ijklmn + Cijlnδkm + Ckljnδim + Cjlmnδik , (2.39)
in our expressions. This leads to the same Φ3 as (2.30), and all five tensor structures, but with
aeff = a˜ , beff = b˜+
1
2 λ , ceff = c˜+ µ , (2.40a)
geff =
1
2 (λ+ µ) , heff = −
1
4 µ , (2.40b)
and the g and h terms effectively generated by the lower-order Lamé coefficients λ, µ, instead of
being truly independent third-order constants as they are in the more general expression (2.30),
in which the anti-symmetric strains ωij are allowed from the outset. The additional independent
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SAA terms with general g, h are relevant for dislocations interacting with phonons, and hence
the phonon wind drag coefficient, and ideally should be independently measured.
Because of the intrinsic uncertainties in applying the isotropic approximation to metals of
interest with definite crystalline symmetries [34, 35], and the fact that the independent third
order constants g and h are not available for these metals, we will use the experimentally
measured effective isotropic constants of Table 1 for our study of the velocity dependence of the
drag coefficient in Section 5. The more general theory developed here may be adapted and refined
when accurate values of the five independent third order elastic constants become available for
these metals.
3 Moving Edge and Screw Dislocations
A stationary infinite edge dislocation along the zˆ axis with Burgers vector in the xˆ direction is
described by the displacement vector U(x) with components [36, 37]
Ux(x, y)
∣∣∣
edge
= b2pi
{
tan−1
(
y
x
)
+
(
λ+ µ
λ+ 2µ
)
xy
x2 + y2
}
(3.1a)
Uy(x, y)
∣∣∣
edge
= b2pi
( 1
λ+ 2µ
){
−µ2 ln
(
x2 + y2
r20
)
+ (λ+ µ) y
2
x2 + y2
}
(3.1b)
Uz
∣∣∣
edge
= 0 (3.1c)
where b is the magnitude of the Burgers’ vector, and r0 is the dislocation core radius. We denote
the finite displacement vector of a dislocation by a capital U to distinguish it from the linearized
small displacement u of elasticity theory in the previous section.
Similarly a stationary infinite screw dislocation along the zˆ axis with Burgers vector b = bzˆ
is described by the displacement vector U(x) with components [36, 37]
Ux
∣∣∣
screw
= Uy
∣∣∣
screw
= 0 (3.2a)
Uz(x, y)
∣∣∣
screw
= b2pi tan
−1
(
y
x
)
. (3.2b)
Each of these dislocation displacements are solutions of the equations of linearized static contin-
uum elasticity (2.15), everywhere except at the origin x = y = 0, where they are singular. The
edge dislocation (3.1) contains both longitudinal (L) components with zero curl and transverse
components (T) with zero divergence, whereas the screw dislocation (3.2) is purely transverse
(T). The non-zero transverse displacements have anti-symmetric rotation strain fields, hence
ωij = u[i,j] 6= 0, and both dislocations have non-zero internal torques. This makes non-zero
contributions to SAA terms in the third order elastic energy (2.30).
In order to find the solutions of the linear elastic eqs. (2.15) for edge dislocations moving
with uniform velocity v = vxˆ (with ˆ = zˆ, bˆ = xˆ), Eshelby decomposed the stationary edge
dislocation (3.1) into its transverse and longitudinal parts as in (2.16), using the effective Lorentz
invariance of the eqs. (2.19), and obtained [22]
Ux(x, y; t)
∣∣∣
edge
= b
piβ2
T
{
tan−1
[
y
γL(x− vt)
]
−
(
1− β
2
T
2
)
tan−1
[
y
γT (x− vt)
]}
Uy(x, y; t)
∣∣∣
edge
= b2piβ2
T
{
1
γL
ln
[
(x− vt)2 + y2/γ2
L
r20
]
− γT
(
1− β
2
T
2
)
ln
[
(x− vt)2 + y2/γ2
T
r20
]}
(3.3)
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for an edge dislocation gliding in an isotropic elastic solid in the x direction with uniform velocity
v, where
βT,L ≡
v
cT,L
, γT,L =
1√
1− β2
T,L
(3.4)
following the standard notations of special relativity, whose definition of γ is related to that of
Eshelby by γ → 1/γ. We consider below only gliding edge and screw dislocations, as dislocation
climb is highly suppressed and hence can be neglected in the discussion of phonon wind [8].
One may check that U(x, y; t) above satisfies eq. (2.15). In fact, the first (resp. second)
terms of U(x, y; t) depending only on γL (resp. γT ) satisfy eq. (2.19) independently of each
other. However, only with this particular combination in (3.3) will no external concentrated
force need to be applied in the y-direction at the core of the dislocation (where x = y = 0); see
e.g. [23]. We note that Uy differs from some other results found in the literature by an arbitrary
constant. For example, if we take the limit v → 0 in (3.3), and express the results in terms
of the Poisson ratio ν = λ/2(µ + λ), our expression for Uy differs from those in Ref. [27] by a
constant b/8pi(1− ν), but agrees with the original result of Burgers [36]. Since the interaction
Hamiltonian (4.5) depends only on the gradient of the dislocation displacement, this additive
constant is of no physical relevance.
The gradients of the moving edge dislocation displacement field (3.3) are
Ux,x
∣∣∣
edge
= − by
piβ2
T
 1(
γL(x− vt)2 + y2/γL
) − 1− β2T /2(
γT (x− vt)2 + y2/γT
)
 (3.5a)
Ux,y
∣∣∣
edge
= b(x− vt)
piβ2
T
 1(
γL(x− vt)2 + y2/γL
) − 1− β2T /2(
γT (x− vt)2 + y2/γT
)
 (3.5b)
Uy,x
∣∣∣
edge
= b(x− vt)
piβ2
T
 1(
γL(x− vt)2 + y2/γL
) − γ2T
(
1− β2
T
/2
)
(
γT (x− vt)2 + y2/γT
)
 (3.5c)
Uy,y
∣∣∣
edge
= by
piβ2
T
 1/γ2L(
γL(x− vt)2 + y2/γL
) − 1− β2T /2(
γT (x− vt)2 + y2/γT
)
 . (3.5d)
Note that the short-distance cutoff r0 of (3.1) does not appear in the gradient strains (3.5), thus
the energy of the edge dislocation field does not depend on the core cutoff. Nevertheless, we
must anticipate that the continuum approximation will break down when the strain fields are
large in the core region where the inequality (2.9) for Ui,j is violated. This condition is violated
at velocities approaching transverse sound speed, as illustrated in Fig. 1.
The time-dependent displacement field of a screw dislocation with sense vector ˆ along the
positive zˆ-axis, gliding in the x direction at velocity v = vxˆ, is given by [22]
Uz(x, y; t)
∣∣∣
screw
= b2pi tan
−1
[
y
γT (x− vt)
]
(3.6)
and it may be checked that this displacement field U with non-zero curl satisfies eq. (2.15). Its
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Figure 1: Level curves of the gradient Uy,x for edge dislocations are shown (from left to right) for
velocities v = 0, v = 0.5c
T
, and v = 0.9c
T
. The gradient at (x, y) increases with v, hence there is
an expansion of the core region where the assumption of linear elasticity, Uij  1, breaks down.
Note that the core expansion is not uniform: the elongation along the y-axis is greater than along
the x-axis.
non-vanishing strain field gradient components are
Uz,x(x, y; t)
∣∣∣
screw
= − b2pi
y[
γT (x− vt)2 + y2/γT
] , (3.7a)
Uz,y(x, y; t)
∣∣∣
screw
= b2pi
(x− vt)[
γT (x− vt)2 + y2/γT
] ; (3.7b)
the velocity-dependent contours of Uz,x are illustrated in Fig. 2.
For the computation of the drag coefficient we will make use of the Fourier transforms of the
dislocation fields U˜i,j(q), defined by
Ui,j(x, t) =
∫
d3q
(2pi)3 U˜i,j(q) e
iq·(x−vt) (3.8)
with the time dependence simply taken into account by the e−iq·vt phase factor. Expressing the
momentum variable q in cylindrical (q, φ, qz) coordinates and making use of the independence
of (3.5) of z to write
U˜i,j(q) = 2piδ(qz) U˜i,j(q, φ) (3.9)
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Figure 2: Level curves of the gradient Uz,x for screw dislocations are shown (from left to right) for
velocities v = 0, v = 0.5c
T
, and v = 0.95c
T
. As in the previous figure for edge dislocations, there
is a non-uniform expansion of the core region. Here the expansion occurs only along the y-axis.
we find
U˜x,x(q, φ)
∣∣∣
edge
= 2ib sinφ
β2
T
q
 1(
1− β2
L
cos2 φ
) − 1− β2T /2(
1− β2
T
cos2 φ
)
 (3.10a)
U˜x,y(q, φ)
∣∣∣
edge
= −2ib cosφ
β2
T
q
 1
γ2
L
(
1− β2
L
cos2 φ
) − 1− β2T /2
γ2
T
(
1− β2
T
cos2 φ
)
 (3.10b)
U˜y,x(q, φ)
∣∣∣
edge
= −2ib cosφ
β2
T
q
 1
γ2
L
(
1− β2
L
cos2 φ
) − 1− β2T /2(
1− β2
T
cos2 φ
)
 (3.10c)
U˜y,y(q, φ)
∣∣∣
edge
= −2ib sinφ
β2
T
q
 1
γ2
L
(
1− β2
L
cos2 φ
) − 1− β2T /2(
1− β2
T
cos2 φ
)
 (3.10d)
for the edge dislocation.
Likewise, we have
U˜z,x(q, φ)
∣∣∣
screw
= ib sinφ
q
(
1− β2
T
cos2 φ
) , U˜z,y(q, φ)∣∣∣
screw
= − ib cosφ
q γ2
T
(
1− β2
T
cos2 φ
) (3.11)
for the Fourier transform of the corresponding strain field gradient for the screw dislocation,
with all other components vanishing.
We note that the trace of the edge dislocation strain field simplifies to
U˜i,i(q, φ)
∣∣∣
edge
=
2ib c2
T
sinφ
q c2
L
(
1− β2
L
cos2 φ
) (3.12)
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while the screw dislocation strain field has vanishing trace, depending as it does on only the
transverse anti-symmetric components of the strain.
4 The Phonon Wind Contribution to the Drag Coefficient
The thermal phonons in a crystal are scattered by gliding dislocations, thereby resulting in a
drag force on the dislocations. By analogy with linear (Stokes) drag on objects moving through
fluids at low velocities (low Reynolds numbers), the dislocation drag force per unit length is
written
F = B v , (4.1)
where B = B(v, T ) is the dislocation drag coefficient. At low velocities B is approximately
independent of the dislocation velocity, and hence the drag force F is approximately linear in
v. Typical low-velocity values of B are in the range 10−4 – 10−3 Poise (10−2 – 10−1 mPa-sec).
The energy dissipated per unit time per unit length of a dislocation is
D = F v = B v2 . (4.2)
In discussing dislocations interacting with phonons, i.e. the phonon wind, the Hamiltonian
of interest consists of a sum of two terms
H = Hph +Hint(t) (4.3)
where Hph is the free phonon contribution while Hint(t) is the interaction Hamiltonian between
the phonons and the moving dislocation, which is time dependent. In the following we will denote
the dislocation wave vector by q, whereas the phonon momenta will be denoted k, k′. In the
continuum limit where the lattice spacing goes to zero, the discrete sum over momenta may be
replaced by an integral over the first Brillouin zone (BZ). Thus the phonon Hamiltonian is
Hph =
~
2
∑
s
∫
d3k
(2pi)3 ωs(k)
(
aˆ†s(k) aˆs(k) + aˆs(k) aˆ†s(k)
)
(4.4)
where the quantized phonon mode creation and destruction operators obey the commutation
relation (2.26), in the continuous momentum variables, k, k′.
The interaction Hamiltonian Hint may be obtained from eq. (2.30) by reinterpreting the
displacements as superpositions of phonons and displacements due to a moving dislocation. For
the displacement gradients appearing in Φ3 this means replacing ui,j → ui,j +Ui,j , and retaining
the terms linear in the dislocation gradient Ui,j . This gives a trilinear interaction between two
phonons and a single moving dislocation of the form
Hint(t) =
1
2!
∑
ijklmn
Dijklmn
∫
d3x ui,j(x)uk,l(x)Um,n(x, t)
=
∫
d3x
{(
l−m + n2
)
(ui,i)2Uj,j +
1
2
(
m− n2 + λ
)
(uj,k uj,k Ui,i + 2ui,i uj,k Uj,k)
+ 12
(
m− n2
)
(uj,k uk,j Ui,i + 2ui,i uj,k Uk,j) +
n
4 ui,j uj,k Uk,i
+
(n
4 + µ
)
(ui,k uk,j Ui,j + ui,juk,j Ui,k + ui,j ui,k Uk,j)
}
. (4.5)
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with elastic constants following from (2.30), (2.31), (2.35), and (2.40). The elastic deformation
fields are given in terms of the phonon modes (2.25) by
ui,j(x) = i
√
~
ρ
∑
s
∫
d3k
(2pi)3
kj√
2ωs(k)
(
aˆs(k) + aˆ†s(−k)
)
eik·x ei(k, s) (4.6)
in the continuum limit of an infinite crystal. In the following we will employ the definition
Aˆs(k) ≡ aˆs(k) + aˆ†s(−k) = Aˆ†s(−k) (4.7)
in order to shorten lengthy expressions.
Substituting these relations into (4.5) and noting that the integration over x gives a mo-
mentum conserving δ-function which sets q = k − k′ (upon changing the sign of k under the
integral), we secure
Hint(t) =
1
2
∑
ss′
∫
d3k
(2pi)3
∫
d3k′
(2pi)3 Aˆ
†
s(k) Aˆs′(k′)Vss′(k,k′) e−i(k−k
′)·vt (4.8)
where
Vss′(k,k′) = ~2ρ
1√
ωs(k)ωs′(k′)
∑
ijklmn
Dijklmn e∗i (k, s)kj ek(k′, s′)k′l U˜mn(k− k′) (4.9)
is the vertex describing the interaction between the dislocation and the phonon modes, and
U˜i,j(q) denotes the Fourier transform of the deformation field of the dislocation.
Taking account of notational changes, the form of the vertex Vss′(k,k′) in (4.9) coincides
with the one given in Ref. [38]. See also the earlier Refs. [39–41]. We note also that since the
phonon wave vectors lie in the first Brillouin zone, |k|, |k′| ≤ qBZ , the dislocation wave vector
magnitude satisfies q = |k− k′| ≤ 2qBZ due to momentum conservation.
Calculating the matrix elements of the interaction Hamiltonian (4.8) between phonon states
(k, s) and (k′, s′), and defining Ωq ≡ |q ·v| = |(k−k′) ·v|, the probability per unit time of these
transitions is [38, 42]
2pi
~2
|Vss′(k,k′)|2δ(ωs(k)− ωs′(k′)− Ωq) (4.10)
by Fermi’s Golden Rule. Taking account of the energy ~[ωs(k) − ωs′(k′)] = ~Ωq transferred for
every such transition, and the initial and final state distributions of phonons, we obtain
D = pi
~
∑
ss′
∫
d3k
(2pi)3
∫
d3k′
(2pi)3 Ωq
∣∣Vss′(k,k′)∣∣2 [n(ωs′(k′))− n(ωs(k))] δ(ωs(k)−ωs′(k′)−Ωq) (4.11)
for the energy dissipated per unit time per unit length of the moving dislocation by its transfer-
ring energy irreversibly to the phonons in the solid, after dividing by 2 to symmetrize over the
labels on the initial and final phonon states. Here
n(ω) = 1exp(~ω/kBT )− 1 (4.12)
is the finite temperature Bose-Einstein distribution function for the phonons.
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Since Ωq is already linear in the dislocation velocity, taking the limit lim
v→0Vss′(k,k
′) gives
the lowest-order approximation for the drag coefficient at small velocities [8, 38]. The general
expression (4.11) is valid for finite velocities, provided we use the v-dependent vertex Vss′(k,k′)
of (4.9), with the dislocation strains of (3.10), (3.11). Since the general expression is quite
formidable, and involves interactions with both two transverse and two longitudinal phonons,
as well as mixed terms of one transverse and one longitudinal phonon, we focus on providing
numerical results for some special illustrative cases.
Some simplification occurs in the case that only the transverse phonon contributions to the
drag coefficient are considered, due to the fact that in the square of Vss′(k,k′) and sum over the
two transverse modes, the relation
∑
s=1,2
ei(k, s) ej(k, s) = δij − kikjk2 (4.13)
may be used and this projector transverse to the phonon momentum k leads to the vanishing
of a number of terms in the sums over the third order tensor structures in (2.31). As a result
the drag coefficient due to transverse phonon wind is independent of 3a = l − m + n2 , and
most terms proportional to b˜ = m − n2 and λ drop out as well. The drag coefficient for screw
dislocations interacting with purely transverse phonons depends only on the two elastic constants
µ, n, whereas dislocation drag for edge dislocations interacting with purely transverse phonons
depends on the four elastic constants λ, µ, m, and n.
It is also possible to obtain some simplification in the high velocity v → cT limit where the
dislocation speed approaches the speed of (transverse) sound, and the high temperature limit
kBT  ~cT qBZ/(2pi), where qBZ is the maximum momentum in the Brillouin zone. In this limit
and in the case of screw dislocations scattering transverse phonons, the drag coefficient has no
divergence and
B ∝ b
2kBTq
4
BZ
cT
. (4.14)
In contrast, for the case of edge dislocations scattering transverse phonons the drag coefficient
is divergent in the limit v → cT and
B ∼ 1√
1− v2/c2
T
. (4.15)
Likewise, simplifications can be made in the low velocity limit: A fully analytic result for B
from transverse phonons in the simplifying limits of low velocity and high temperature is given
in the appendix, eq. (A.1), up to quadratic order in βT  1. Further details on these calculations
and both limits can be found in the internal report Ref. [11].
5 Numerical Results for the Drag Coefficient Due to Transverse
Phonons
In this section we present partial results of our numerical calculations of the drag coefficient
in the isotropic approximation for polycrystalline metals whose grains are either face-centered
cubic (fcc) or body-centered cubic (bcc). The effective isotropic elastic constants that we use
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Al (fcc) Cu (fcc) Fe (bcc) Nb (bcc)
a[Å] 4.05 3.61 2.87 3.30
qBZ [Å−1] 0.96 1.08 1.36 1.18
ρ[kg/m3] 2700 8960 7870 8570
λ[GPa] 58.1 105.5 115.5 144.5
µ[GPa] 26.1 48.3 81.6 37.5
l[GPa] −143± 13 −160± 70 −170± 40 −610± 80
m[GPa] −297± 6 −620± 10 −770± 10 −220± 30
n[GPa] −345± 4 −1590± 20 −1520± 10 −300± 20
Table 1: We list the experimental values used in the computation of the drag coefficient. The lattice
parameters a and densities ρ were taken from Ref. [45, Sec. 12]. The Lamé constants were taken
from Refs. [34], [46, p. 10]. The Murnaghan constants for Cu and Fe were taken from [43], those
for Al were taken from Reddy 1976 as reported by Wasserbäch in Ref. [44], and those for Nb were
taken from [47]. Uncertainties (as given in those references) are listed as well. For the unit cell
volume we use Vc = a3, the radius of the Brillouin zone follows from qBZ = 3
√
3
4pi
(2pi)3
Vc
= 3
√
6pi2/a,
and b = a/
√
2 for fcc metals and b = a
√
3/2 for bcc metals (see Refs. [48] and [27, Sec. 9] for a
discussion of Burgers vectors in various crystals).
as input data are assembled in Table 1 and were taken from Refs. [34, 43, 44]. The unit cell
volumes Vc = a3 (resp. lattice parameters) were taken from Ref. [45, Sec. 12].
The predominant sources of uncertainty are the uncertainties in the elastic constants and
the size and shape to take for the dislocation core cutoff (which can significantly affect the
magnitude and shape of the B(v) curve unless it is much smaller than a Burgers vector).
The drag coefficients for edge and screw dislocations are plotted in Figures 3 and 4. The
Mathematica numerical integrations included only the interaction with transverse phonons. The
curves start at βT = 0.01, i.e. around the speed where the dislocation velocity typically becomes
linearly dependent on the applied stress [2], hence the motion can be described as “viscous”. The
initial small to moderate decrease in the magnitude of B is described by the next to leading order
term in the low velocity expansion which is linear in velocity and has a negative coefficient; see
eq. (A.1). Mathematically, the reason this coefficient is negative is that the integration range over
the phonon spectrum shrinks with increasing velocity as a consequence of the energy conserving
delta function in (4.11) in conjunction with the condition that all phonon wave vectors lie within
the first Brillouin zone. Physically, one can imagine that as the dislocation picks up speed, it is
less affected by those phonons that do not hit it head on. The magnitude of this effect depends
on the material constants involved and as such seems to be more pronounced in Cu and Fe than
it is in Al and Nb; see Figures 3 and 4.
At high velocities (around 70% transverse sound speed) the drag coefficient for edge dislo-
cations starts to grow with dislocation velocity, since the displacement gradients (3.5) diverge
at v → cT . Hence not surprisingly, close to sound speed this growth becomes very steep, but
our numerical evaluation also becomes less accurate in this limit. For this reason the results
are displayed only up to 90% transverse sound speed. As pointed out above, the v-B curve is
sensitive to the core cutoff and elastic constants. In particular, differences in the elastic con-
stants are responsible for the significantly smaller variation in B for Al and Nb than for Cu
and Fe for velocities up to 0.9cT . Similar differences in the velocity dependence of B are seen
in experiments: While experiments carried out in the velocity regime 0.1 < βT < 0.5 for LiF
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Figure 3: The room-temperature drag coefficient from phonon wind for edge dislocations in Al,
Cu, Fe and Nb in the Debye approximation with zero dislocation core size (i.e. no cutoff) and
with isotropic second- and third-order elastic constants from Table 1. These numerical results
(Mathematica) only take into account the interaction with transverse phonons. The numerical
results (points) are overlain with least-squares-fitted curves (solid lines) of the form given in eq.
(5.1) with coefficients from Table 2. The dashed lines show the small velocity (large temperature)
approximation of eq. (A.1), (A.2).
crystals [49] already show a growing drag coefficient, other experiments done up to βT ∼ 0.7 for
NaCl crystals [50] exhibit a linear stress-velocity dependence even in this regime.
All curves shown in Figures 3 and 4 can be fit quite accurately using functions of the form
Be(βT ) ≈ Ce0 + Ce1βT + Ce2β2T + Ce3 log
(
1− β2
T
)
+ Ce4
 1√
1− β2
T
− 1
 ,
Bs(βT ) ≈ Cs0 + Cs1βT + Cs2β2T + Cs3β4T + Cs4β16T , (5.1)
for edge (Bedge) and screw (Bscrew) dislocations. The forms of these functions were motivated by
the expected asymptotic behavior as βT → 1 in accordance with the estimates of the previous
section. Explicit values for the coefficients Ce/s0-3 for edge/screw dislocations for Al, Cu, Fe, and
Nb were computed using least squares fits; the values are summarized in Table 2. The resulting
curves are overlain with the numerical data in Figures 3 and 4.
So far, we considered the dislocation drag coefficient as a function of velocity. Since the
dislocation velocity is related to the effective (local) shear stress according to b σ = vB(v), we
can numerically solve for v(σ) which gives B as a function of σ: B(σ) ≡ B(v(σ)). Figure 5
shows the mean value B = (Be + Bs)/2 as a function of the effective shear stress. In the high
stress regime, where B becomes linear in stress, v(σ) is already close to cT and edge dislocations
dominate; see (5.1).
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Figure 4: The room-temperature drag coefficient from phonon wind for screw dislocations in Al,
Cu, Fe and Nb in the Debye approximation with zero dislocation core size (i.e. no cutoff) and with
isotropic second- and third-order elastic constants from Table 1. As for edge dislocations, these
numerical results only account for the interaction with transverse phonons. Again, the solid lines
are the least-squares-fitted curves of the form given in eq. (5.1) with coefficients from Table 2,
and the numerical results are individual points. The dashed lines show the small velocity (large
temperature) approximation of eq. (A.1), (A.3).
Al (fcc) Cu (fcc) Fe (bcc) Nb (bcc)
Ce0 0.0044 0.0414 0.0186 0.0024
Ce1 -0.0044 -0.0470 -0.0197 -0.0035
Ce2 0.0025 0.0233 0.0110 0.0030
Ce3 0.0070 0.1032 0.0458 0.0052
Ce4 0.0114 0.1809 0.0783 0.0078
Cs0 0.0041 0.0573 0.0261 0.0039
Cs1 -0.0069 -0.0946 -0.0425 -0.0065
Cs2 0.0047 0.0667 0.0289 0.0043
Cs3 -0.0001 0.0008 0.0004 -0.0005
Cs4 0.0018 0.0285 0.0122 0.0013
Be 0.0044 0.0409 0.0184 0.0024
Bs 0.0041 0.0567 0.0259 0.0038
Table 2: Fitting parameters Cem/Csm for edge/screw dislocations in units of mPa-sec. In the last
two lines we report (again in units of mPa-sec) the numerically computed results for the drag
coefficient at β
T
= 0.01.
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Figure 5: We show B = (Be +Bs)/2 as a function of effective shear stress σ determined from (5.1).
Comparing our results in the low-velocity regime without any core cutoff (cf. Table 1) to
experiments and MD simulations, we find that our drag coefficient for
• Al is below the range of experimental values of ∼ 0.02mPa-sec in [51] and ∼ 0.06mPa-
sec in [52], and also below the MD simulation values of ∼ 0.01mPa-sec for edge and
∼ 0.02mPa-sec for screw dislocations in [53],
• Cu is well within the range of experimental values of ∼ 0.0079mPa-sec in [54], ∼ 0.02mPa-
sec in [55, 56], ∼ 0.065mPa-sec (for both edge and screw dislocations) in [57], ∼ 0.07mPa-
sec in [58], and ∼ 0.08mPa-sec in [59],
• Fe is lower than the experimental values of ∼ 0.34mPa-sec for edge and ∼ 0.661mPa-
sec for screw dislocations reported in [60], as well as the result ∼ 0.26mPa-sec of MD
simulations for screw dislocations reported in [61].
We did not find experimental data for Nb. All results above were computed for zero pressure
and room temperature, i.e. 300K, because the elastic constants we used were measured at this
temperature; see Table 1. We note also, that the experiments mentioned above typically were
unable to distinguish between edge and screw dislocations. Furthermore, dislocations moving at
speeds comparable to cT cannot be measured directly in experiments.
In comparing the high velocity behavior with MD simulations we note that the limiting
velocity changes from cT to a slip system and dislocation character dependent shear wave speed
when anisotropic effects are taken into account [18, 20]. Furthermore, the degree of divergence
is enhanced for steady state dislocations in this case [19, 20]. On the other hand, the inclusion
of a constant acceleration term into the isotropic dislocation field has been shown to reduce the
degree of divergence [62–64]. Therefore, our present results cannot be expected to match MD
simulations in this regime. Nonetheless, we note that Refs. [16, 53] show that screw dislocations
in fcc aluminum and copper can accelerate to transonic speeds, consistent with our present
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asymptotic form (4.14). Edge dislocations, on the other hand, seem to approach a limiting
velocity up to a critical driving stress above which they too become transonic in MD simulations.
The latter behavior cannot be described by our present model.
6 Summary
In this paper we have studied the velocity dependence of the dislocation drag coefficient for
dislocation velocities v in the range 0.01cT < v < cT where cT is the transverse sound speed.
In this regime the dominant contribution to dislocation drag is the dissipative interaction with
phonons, i.e. the phonon wind. Although the currently employed model breaks down at v = cT ,
we were able to make predictions for the velocity dependence of the drag coefficient B(v) at
dislocation speeds below this critical value. Our main results are shown in Figures 3 and 4 for
edge and screw dislocations respectively, for four different metals Al, Cu, Fe, Nb, chosen for their
simple lattice structure and available data for their isotropic third-order elastic constants at room
temperature. We computed B(v) in the range v/cT ∈ [0.01, 0.9] and can represent all results by
simple fitting functions of the form eq. (5.1) with five fitting parameters. We have compared our
results to experimental values and MD simulation results where these are available, i.e. in the
low-velocity regime, i.e. v/cT ∼ 0.01. We found good agreement for copper, while our results
for aluminum and iron are lower in the low-velocity regime. Additional experimental data on
third-order elastic constants is necessary to improve our predictions and to compute the drag
coefficient in the isotropic limit for other materials.
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A Appendix: Small velocity and large temperature approxima-
tion
Since most applications involve temperatures around and above the Debye temperature, we
employ a high temperature expansion up to next-to-leading order. Upon expanding (up to next-
to-leading order) for small dislocation velocities (βT  1), we may compute the remaining
integrals analytically, and can compare the leading-order term to previous work such as [38].
Additionally, we drop the mixed terms proportional to β2
T
/(kBT ), since they are small compared
to the others for large T and small βT . In this case we find for the interaction of edge and screw
dislocations with transverse phonons (i.e. s = T):
B ≈ b
2
5(8µ)2
([
kBT
3√3 (pi2 ) 23
cT V
4
3c
− pi
2cT ~2
6kBTV 2c
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7cT V
4
3c
f2(λ, µ,m, n)
)
, (A.1)
where the coefficients f0,1,2 depend only on the elastic constants λ, µ, m, n (not l), and their
explicit form depends on whether we consider edge or screw dislocations. In particular, for edge
dislocations the coefficients read
f e0(λ, µ,m, n) =
[
516(2µ)4+ 165λ2n2 + 16µ2
(
370λ2 + 151m2 + 274λm− 44mn + 15n2 + 119λn)
+ 96µ3(133λ+ 64m + 4n) + 2λµn(764λ+ 76m + 141n)
]
/
[
84(λ+ 2µ)2
]
,
f e1(λ, µ,m, n) =
[
2µ2
(
798λ2 + 6(8m)2 + 8m(42λ− 19n) + 51n2 + 296λn
)
+ 183(2µ)4 + 111λ
2n2
2
+ 16µ3(235λ+ 92m + 11n) + 2λµn(206λ− 36m + 61n)
]
/
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5(λ+ 2µ)2
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,
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whereas for screw dislocations they compute to
f s0(λ, µ,m, n) =
1
7
(
33(2µ)2 + 62µn + 13112 n
2
)
,
f s1(λ, µ,m, n) = 41(2µ)2 + 76µn +
27
2 n
2 ,
f s2(λ, µ,m, n) =
1
11
(3635(2µ)2
3 + 2202µn +
1457n2
4
)
. (A.3)
The simpler structure in the screw case is partly due to the deformation field depending only
on cT , whereas the deformation field for edge dislocations also includes terms depending on
cL ; see (3.10), (3.11). In fact, in order to arrive at (A.2) we used the relation cL = cT
√
λ+2µ
µ .
Additionally, the coefficients in the screw case depend only on µ and n. Notice that the first
term in (A.1) qualitatively agrees with Ref. [38], albeit differing in some numerical coefficients
within f e,s0 3. This discrepancy can be traced back to the tensor of third order elastic constants
used in that paper which seems to be incorrect.
Substituting the experimental data of Table 1, we may compare with our numerical results.
Figures 3, 4 show good agreement of (A.1) below 40%–50% transverse sound speed (depending
on the metal). Finally, Table 3 lists the (dimensionless) values of the coefficients f e,s0,1,2/(8µ)2 for
various metals.
Al (fcc) Cu (fcc) Fe (bcc) Nb (bcc)
f e0/(8µ)2 2.877 15.88 4.353 0.468
f e1/(8µ)2 14.29 86.72 22.84 3.392
f e2/(8µ)2 12.62 50.85 14.84 5.045
f s0/(8µ)2 2.723 22.15 6.172 0.747
f s1/(8µ)2 23.72 192.1 53.63 6.562
f s2/(8µ)2 55.94 464.6 128.1 14.98
Table 3: List of coefficients derived from second- and third-order elastic constants for various
metals, as they appear in the small-velocity expansion of the drag coefficient, eq. (A.1). All values
in this list are dimensionless.
3Note that here we have removed the cutoff for the dislocation core and expanded for large temperature.
Furthermore, in order to compare the two expressions we note that the wave vector cutoff denoted in [41] by kD
is related to the unit cell volume, kD ∝ V −1/3c .
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